In this paper, we consider the balance equations for a continuum with scalar microstructure and propose a general approach to investigate nonlinear wave propagation by means of an asymptotic approach within the theoretical context of wave hierarchies. The evolution equations that are obtained for the leading terms of the asymptotics allow for the description of various levels of wave motion in agreement with the different scales involved in the modelling of continua with microstructure. Both the one-dimensional planar and the axisymmetric spherical cases are considered in a unified way, and various examples (immiscible mixtures of perfect fluids, granular materials, liquid with bubbles) are discussed in order to illustrate the procedure.
Introduction
In the classical theory of continua, a body B is thought of as a set of material elements occupying a compact and simply connected region C of a Euclidean point space E 3 . Each material element has a distinct identity and occupies at each instant t of time an exclusive place x ≡ (x 1 , x 2 , x 3 ) ∈ E 3 . It is also assumed that nothing geometrically interesting could be perceived by a finer observation of the material elements of the continuum.
On the other hand, when we consider some kinds of continuous media, a closer look at the material elements reveals a sort of microscopic order whose description requires a certain number of order parameters that can be interpreted as coordinates, in a local chart of an atlas, of an element ν in an appropriate manifold M of suitable dimension m [1] . The simplest models, referred to as continua with scalar microstructure, are those involving only one order parameter: typical examples are given by continua with voids, bubbly liquids, granular materials. Despite the variety of materials described as continua with microstructure, it has been shown that a unified approach for their mathematical description is possible [1] [2] [3] [4] .
Furthermore, many relevant physical and engineering applications (propagation of seismic waves in a sediment filled site [5] , cavitation problems [6] , propagation in gas-liquid mixtures [7] [8] [9] [10] [11] ) lead to the problem of nonlinear waves propagating in media that can be modelled as continua with microstructure.
The balance equations which describe the dynamics of continua with microstructure, in general, do not allow a simple description of the admitted waves. A method that has already proved useful in the study of the equations of bubbly liquids [10, 11] , of compressible mixtures of two perfect fluids [12] and granular materials [13, 5] makes use of an asymptotic approach within the theoretical context of wave hierarchies [14, 15] . That approach relies on the introduction of a small parameter arising naturally as the ratio of a microscopic length related to the microstructure and a typical macroscopic reference length. In terms of the small parameter , an asymptotic solution [16, 17] , suitable for describing a progressive wave [18] , can be constructed. This procedure enables us to characterize the normal speeds of propagation of the waves and the way the microstructure affects the transport equation ruling the time evolution of the leading terms of the asymptotics. The nonlinear evolution equations that are obtained, according to the order of magnitude of the coefficients involved, allow for the description of various levels of wave processes.
In this paper, we consider a system of partial differential equations in one space dimension (planar symmetry or spherical symmetry) that are sufficiently general to embrace the dimensionless version of the equations of a generic continuum with scalar microstructure, and investigate the propagation of nonlinear waves. In particular, in Section 2, we recall the balance equations governing a continuum with scalar microstructure by following the notation of [1] . In Section 3, after giving the form of a general system of partial differential equations in which the dimensionless equations of continua with scalar microstructure written in one space dimension fall, we introduce the asymptotic expansion of the field variables, and describe the procedure leading to the reduced evolution equation. In Section 4, by considering a model for immiscible mixtures of two perfect fluids and a model of granular materials, both in the conservative case, two examples of application of the method are discussed. Finally, in Section 5, attention is restricted to continua with latent microstructure; two instances of such media (incompressible liquids with gas bubbles and granular materials with incompressible grains) are considered, and, in the case of bubbly liquids, dissipative effects are also taken into account.
The balance equations
According to [1] , the equations of motion of a continuum with scalar microstructure, stating the balance of mass, momentum, and micromomentum, are
where ρ is the mass density of the continuum, v the velocity, f the external force per unit mass, T the stress tensor, ν the order parameter, φ the density per unit mass of the external actions acting on the microstructure, ζ the density per unit volume of the internal microstructural actions, which do not necessarily sum to zero as internal forces do, s the actions exerted on the microstructure through the element; moreover, d dt (or the superposed dot) stands for material time derivative. From the balance of moments of momentum, it is obtained that the stress tensor T is symmetric if the order parameter ν is not affected by rigid rotations. Nevertheless, in general, the skew symmetric part of the macroscopic stress is determined by the substructural interactions that are the self-force and the microstress [1] . For scalar order parameters, the macroscopic stress is symmetric unless the order parameter has a non-scalar origin such as the projection of a vector along a prescribed direction (see [1] for related discussions).
In a continuum with microstructure, the kinetic energy per unit mass includes, besides the usual term, also a term related to the microstructure, i.e.,
where κ(ν,ν) is a non-negative function such that κ(ν, 0) = 0, ∂ 2 κ ∂ν 2 = 0, whereas the density of kinetic co-energy χ is defined by the relation
whereupon κ and χ coincide if κ is quadratic homogeneous inν. Different models of continua with microstructure are obtained for different constitutive relations of stress T , microstress ζ , and the actions s exerted on the microstructure. All these quantities must be thought of as functions of geometric and kinematic variables, e.g. the deformation gradient F, D = sym(∇v), the order parameter ν, its gradient ∇ν, and so on.
If thermal effects are relevant, then a balance equation for the energy has to be postulated:
where e is the internal energy per unit mass, q the heat flux, h the heat supply per unit mass, and the validity of the entropy inequality in the classical Clausius-Duhem form
where θ is the absolute temperature and η the entropy per unit mass. By introducing the Helmholtz free energy density ψ = e − θ η, the reduced inequality
has to be satisfied for all thermodynamics processes. Nevertheless, in the rest of the paper, we will restrict ourselves to the purely mechanical case.
Nonlinear wave propagation
In this section, we are interested to special solutions of the field equations having the features of a progressive wave [18] . We have a progressive wave if there is a family of propagating surfaces such that the magnitude of the rate of change of the field (or of its derivatives), when we move with such surfaces, is small compared with that observed when we move across the surfaces, thus generalizing the concept of simple waves.
Since in continua with microstructure different macroscopic and microscopic scales are involved, various wave processes are possible. A useful method for describing them consists in deriving an evolution equation exhibiting wave hierarchy properties [14, 15] . A possible approach to study the propagation of waves within such a framework can be made through the following steps.
First, we write the field equations in dimensionless form; this task is accomplished by introducing typical macroscopic length and time scales, as well as a reference density scale ρ 0 , whereupon a small parameter (usually given by a ratio between a quantity related to the microstructure and a macroscopic quantity) arises. In Section 4, where we shall consider various instances of continua with scalar microstructure, we will show how to define the small parameter . Then, we perform an asymptotic expansion in terms of for the field variables. As a result, a reduced evolution equation is obtained that, according to the orders of magnitude of the parameters therein involved, allows various levels of description of wave processes.
In the following, we shall restrict ourselves to the one-dimensional case (i.e., where the field variables depend upon t and x = x 1 ).
The analysis of the dimensionless version of balance equations (1) for various instances of continua with scalar microstructure (see Section 4) suggests that considering the general class of systems of partial differential equations of the form
is enough to investigate nonlinear wave propagation compatible with a generic continuum with scalar microstructure in a unified way.
In the system (5), denotes the small parameter, U the column N -vector of macroscopic (dimensionless) field variables (mass density, velocity, . . .), and V = [U, ν] the column (N +1)-vector of all (dimensionless) field variables; furthermore, various functions of the indicated arguments are involved. In particular, B is a column N -vector, A is a N × N matrix, B il and B ikl N × (N + 1) matrices, G a scalar function, G jl and G jkl row (N + 1)-vectors; moreover, p, q, n i , m j are integers, and α ikl , β jkl are positive constants.
In the limit, → 0, that corresponds to remove from our model the effects of the microstructure and of the dissipative mechanisms (if present), we get a reduced system for the macroscopic field variables
which in the following will be assumed to be hyperbolic in the t-direction. Therefore, within such a framework, the effects of the microstructure (and of the dissipative mechanisms if they are included in the theory) are at least of order .
To study the propagation of progressive waves, let us introduce an extra "fast" variable
ϕ(x, t) being a phase function to be further determined, assume that the field variables depend upon x, t and ξ , and consider the asymptotic expansion [16, 17] 
where the unperturbed state V 0 (solution of the system obtained for = 0) is usually assumed constant. By inserting the asymptotic expansion (6) into the field equations (5), and setting the coefficients of the resulting series in termwise to zero, we obtain the equations
where I is the identity matrix, and (·) 0 denotes that a quantity is evaluated for V = V 0 . From (7), by introducing the normal wave speed
we get that it has to be det(A 0 − λI ) = 0,
i.e., λ(U 0 ) is an eigenvalue of the matrix A 0 ; if λ(U 0 ) has multiplicity one, by considering the corresponding right eigenvector d 0 = d(U 0 ), we are allowed to write
π being the so-called wave amplitude factor; on the contrary, if λ(U 0 ) has multiplicity m > 1, by considering the m corresponding linear independent right eigenvectors d
In what follows, we limit ourselves to the case where λ(U 0 ) is a simple eigenvalue; the case where the eigenvalue has multiplicity greater than one is quite similar (instead of having one wave amplitude factor, we have m wave amplitude factors whose evolution is ruled by a system of partial differential equations).
Therefore, the wave speeds are characterized by the principal hyperbolic part of the governing system. Upon the definition of the function Ψ = ϕ t + λϕ x , the phase function ϕ satisfies the eikonal equation Ψ 0 = Ψ (U 0 ) = 0, and the characteristic rays are such that
From (10) and the initial condition ϕ(x, 0) = x, it follows that
Finally, the evolution equation for π, incorporating the effects due to the microstructure and the other higher order terms, will be characterized by using the remaining conditions.
Left multiplication of the condition (8) by the left eigenvector l 0 of the matrix A 0 provides
where
denotes the time derivative along the characteristic rays. Ultimately, from (11) and (9), we obtain the equations ruling the time evolution of π and ν 1 along the characteristic rays:
where κ 1 , . . . , κ 5 depend on V 0 , whereas χ i1 , χ i2 , ψ j1 , ψ j2 are functions depending at most on V 0 , ∂π ∂ξ , and ∂ν 1 ∂ξ . By eliminating ν 1 from (12) and (13), when this is possible, we are able to obtain a single evolution equation for the wave amplitude factor π that in general allows for various descriptions of the wave processes, according to the orders of magnitude of the coefficients involved (wave hierarchies, see [14, 15] ).
In some applications, it is more realistic to write the governing equations in the axisymmetric case, and consider the spherical symmetry. This task is accomplished by introducing the spatial coordinate
and assuming the field variables to depend suitably on x and t, e.g.
Therefore, the dimensionless system has still the form (5) , but turns out to be nonautonomous, since some of the coefficients therein involved may depend on x. As a consequence also, the evolution equation that will be obtained will be nonautonomous.
In closing this section, we observe that the general system of partial differential equations here considered is more general than that studied in [19, 20] , where different asymptotic approaches have been used to investigate how higher order dispersive and/or dissipative effects balance nonlinear terms.
Examples
Here we apply the procedure described in the previous section to some physically relevant materials that can be modelled as continua with scalar microstructure. Moreover, we face the one-dimensional planar symmetric case and the axisymmetric spherical case in a unified way.
Immiscible mixture of two perfect fluids
Following [12] , let us imagine the continuum composed of spherical elements of radius ϑ 1 of a perfect fluid containing a concentric spherical inclusion of variable radius ϑ 2 of another perfect fluid that expands or contracts homogeneously. Let us assume also that the interaction forces are large enough to allow for the hypothesis that both components have the same motion, thus neglecting diffusion effects. In the conservative case and in absence of external forces, the equations, derived in [12] through a variational formulation, are given by (1) where
ψ(ρ, ν, β) being the potential energy per unit mass of internal actions; furthermore, ζ = ∂ψ ∂ν , and the density of kinetic co-energy is
where ρ = ρ 1 + ρ 2 is the density of the mixture (sum of the densities of two constituents), ν = ρ 2 γ 2 is the volume fraction of the second constituent (the order parameter), γ 2 being the true density of the second constituent, β = ρ 2 ρ is the (constant) concentration of the second constituent, and the (·) , here and in the sequel, denotes a quantity evaluated in a reference placement.
Let us consider a one-dimensional motion by unifying the cases of plane and spherical symmetry, and introduce the (barred) dimensionless variables
where A and B are characteristic macroscopic length and time scales, ρ 0 is a density scale, and
moreover, x = x 1 (plane symmetry) or x = x 2 1 + x 2 2 + x 2 3 (spherical symmetry). By defining the small parameter As a result, we get the following dimensionless equations (we drop the bars to simplify the notation)
where n = 0 (plane symmetry) or n = 2 (spherical symmetry), χ = χ ϑ 2 1 , and the prime stands for the differentiation with respect to the argument; it is easy to verify that the system (16) belongs to the general class (5) . The first two equations of (16), when → 0, represent the equations of a perfect fluid having pressure
By considering the asymptotic expansion (6) for ρ, v and ν around the constant state
(v 0 and ν 0 arbitrary) we get the normal wave speeds of propagation
ruled out by the hyperbolic subsystem, and
Finally, the time evolution along the characteristic rays of the wave amplitude factor π(x, t, ξ ) is governed by the following transport equation
where κ i (i = 1, . . . , 4) are suitable constants. Eq. (18) is a generalized Korteweg-deVries-Burgers equation containing a nonlinear term in the higher order derivatives. It is worthy of note that Eq. (18) is dissipative in the case of spherical symmetry (n = 2), even if the model of mixture here considered is conservative. According to the order of magnitude of the coefficient κ 4 , various levels of description of the wave processes modelled by (18) are possible: in fact, when κ 4 → 0, (18) reduces to the classical or spherical Korteweg-deVries equation. On the contrary, if κ 4 → ∞, (18) becomes a first order hyperbolic partial differential equation. The travelling wave solutions of Eq. (18), when n = 0 (plane symmetry), have been studied numerically in [12] , where it has been shown that either periodic solutions or solutions representing single localized pulses (solitary waves) are possible. The investigation of the solutions of Eq. (18) in the axisymmetric spherical case will be faced in a forthcoming paper.
Granular materials
A granular material [22] can be thought of as a suspension of spheres in a compressible fluid whose density is negligible compared to the density of the suspended particles. A material element of the continuum is modelled [13] as a spherical envelope of radius ϑ 1 containing some spherical inclusions (of radius ϑ 2 ) called grains (a grain and its 12 immediate neighbours). The allowed motions are expansions (or contractions) of the inclusions, and radial motions of the spherical crust due to the displacements of the grains, so that neither diffusion of the grains through the envelope, nor relative rotations of the elements or of the grains, are considered.
In [13] , the balance equations have been derived in the conservative case through a variational approach. Let us denote by ρ m (order parameter), the density of suspended particles, whereupon ρ = ρ m β is the proper density of continuum, β being the volume fraction of the grains; the total kinetic energy per unit mass of such granular materials is
Therefore, the balance equations for granular materials are obtained from (1) by choosing
ψ(ρ, ρ m , ∇ρ, ∇ρ m ) being the potential energy per unit mass of internal actions, and assuming no external actions.
The balance of moments of momentum provides
where e is the Ricci's permutation tensor.
The function ψ must be an isotropic function of its vectorial arguments, whereupon it depends on ∇ρ and ∇ρ m only through ∇ρ · ∇ρ, ∇ρ · ∇ρ m and ∇ρ m · ∇ρ m . The simplest form is linear in these quantities, so we assume ρψ(ρ, ∇ρ, ρ m , ∇ρ m ) = ψ 1 (ρ, ρ m ) + ψ 2 (ρ, ρ m ) ∇ρ · ∇ρ + ψ 3 (ρ, ρ m ) ∇ρ m · ∇ρ m + 2ψ 4 (ρ, ρ m ) ∇ρ · ∇ρ m , with ψ 1 , ψ 2 , ψ 3 and (ψ 2 ψ 3 −ψ 2 4 ) non-negative functions for all values of ρ and ρ m in order to ensure the semi-positive definiteness of ρψ.
In the one-dimensional case (unifying plane and spherical symmetry, as in the previous case), by introducing the scales A, B and ρ m for space, time and densities, we have the (barred) dimensionless quantities , we get the following dimensionless equations (we drop the bars to simplify the notation):
where G = 80 13 ρ * ρ m * 2/3 . The first two equations only involve ρ and v in the limit → 0 if
whereupon the assumption
is justified. As a consequence, it is not difficult to recognize that the equations (19) fall into the general class (5) . By considering the asymptotic expansion (6) for ρ, v and ρ m around the constant state
(ρ 0 and v 0 arbitrary), the wave velocities are
whereas the leading terms of the asymptotic expansions are given by
and the evolution equation for the wave amplitude factor π has the form
κ i (i = 1, . . . , 5) being constants. Therefore, we have a higher order Korteweg-deVries-like equation: in fact, this fifth order evolution equation consists of a linear combination of a (classical or spherical) Korteweg-deVries equation and the second "spatial" derivative of a different (classical or spherical) Korteweg-deVries equation (because k 3 = k 5 ). Also in this case, the spherical symmetry renders the Eq. (20) dissipative, even if the model considered is conservative.
As a first approach to the investigation of this equation, it can be interesting to consider its travelling wave solutions when n = 0 (plane symmetry); by simple variable transformations [13] , the ordinary differential equation we need to solve, for determining the travelling wave solutions, is
where Π , related by a linear relation to π, depends on (ξ − cσ ), where c is a constant, the prime denotes the differentiation with respect to the argument, b may assume the values ±1, and m is a real parameter. Thus, we have two possible fifth order ordinary differential equations (according to the value of b) involving the parameter m. Preliminary numerical investigations carried out for different values of the parameter m provide solutions of (20) exhibiting interesting features. In fact, for small values of m periodic solutions are recovered, whereas for increasing values of m more complicated behaviours are recognized. A deeper investigation of the solutions of the Eq. (20) (even in the case of spherical symmetry) from a numerical point of view will be considered in a forthcoming paper.
Continua with latent microstructure
Some materials, though described as continua with microstructure, have reference placements and motions subject to some restrictions. A general description for such constrained continua can be given in the case of continua with perfect internal constraints [1] .
As done in classical theories, it is supposed that, in the presence of internal constraints, T , ζ and s are sums of an active and a reactive component, i.e.,
and that the constitutive relations can be assigned only for the active components.
By limiting ourselves to a scalar microstructure, when the order parameter ν is bound to the macrodeformation through a constraint
where ω(ι) is a function of the determinant of the deformation gradient, the internal constraint is perfect if reactive stresses do no work, i.e., 
Eqs. (1) 1 and (24) provide the motion equations of a continuum with latent microstructure [1] , since the order parameter ν does not enter the structure of balance equations; consequently, the description of mechanical actions requires the introduction of gradients of the displacement of higher order than the first. Special materials are characterized by assigning constitutive relations for a T , a s, a ζ , φ and χ , as well as ω(ι). Also, Eq. (24) can be considered, at least formally, as the momentum equation for an ordinary continuum whose stress tensor is
In the one-dimensional case, by introducing dimensionless variables, the balance equations of continua with scalar latent microstructure can be recast in the following compact form
where the terms involving account for the microstructural and, if present, for the dissipative effects. By inserting the asymptotic expansion
into (25), where the unperturbed state U 0 (solution of the system obtained for = 0) is usually assumed constant, and setting the coefficients of the resulting series in termwise to zero, we obtain the conditions (7) and (8) specialized by taking V ≡ U.
The same straightforward analysis performed in Section 3 provides the wave speeds (eigenvalues of the matrix A 0 = A(U 0 )), U 1 = π(x, t, ξ )d 0 (d 0 is the right eigenvector of A 0 ), and an evolution equation for the wave amplitude factor π which is obtained by (11) specialized by taking V ≡ U, i.e.,
where κ 1 and κ 2 are constant (depending on U 0 ), and χ i are at most functions of U 0 and ∂π ∂ξ . In the axisymmetric case with spherical symmetry, the dimensionless system has still the form (25) , but is nonautonomous since some of the coefficients therein involved may depend on x, and also the resulting evolution equation will be nonautonomous.
Liquids with bubbles
In liquids with bubbles one usually thinks the continuum made of spheres containing a bubble (a spherical concentric void) of radius ϑ. It is also assumed that each element can expand or contract homogeneously. By denoting with ν the volume fraction of the gas bubbles, the extra-kinetic energy associated with each element is κ = ϑ 2 6ν 1/3
that, when ν is small, reduces to the form given by Rayleigh [23] :
By assuming the density of gas inside the bubbles to be negligible with respect to the density ρ l of the liquid (supposed constant), the bulk density of the mixture turns out to be ρ = ρ l (1 − ν).
Moreover, from the conservation of mass we have
(1 − ν)ι = (1 − ν ), whereupon the constraint (22) becomes ν = 1 − 1 − ν ι . and the wave amplitude factor π is ruled by the evolution equation Eq. (32) is the well known Korteweg-deVries-Burgers equation [7] , which turns to be nonhomogeneous in the axisymmetric spherical case.
Granular materials with incompressible grains
When the granular materials have incompressible grains, for instance in the case of sand, ρ m is constant, and the model presented in Section 4.2 specializes as follows. The bulk density ρ turns out to be proportional to the volume fraction β, while the expression for kinetic energy becomes 
In the conservative case and in the absence of external actions, stress tensor T becomes [13] T = ∇β ⊗ r + p + ρ m β 2 γ (β)β + 1 2 γ (β)β 2 − β ∇ · r I where p = ρ m β 2 ∂ψ ∂β , r = ρ m β ∂ψ ∂(∇β) ,
and the potential energy ψ is now a function of β and ∇β. Also in this case, we consider ρ m βψ linear in (∇β) 2 ρ m βψ(β, ∇β) = ψ 1 (β) + ψ 2 (β)(∇β) 2 ,
with ψ 1 and ψ 2 non-negative functions for all β.
By considering a one-dimensional motion, introducing the scales A, B and ρ m for space, time and density, and setting
we choose the small parameter such that = 16 351
The dimensionless equations governing the one-dimensional motion of a granular material with incompressible grains (belonging to the general class (25) ) turn out to be:
where the bars have again been dropped to simplify the notation. By expanding the field variables β and v around the constant state β 0 , v 0 = 2 − n 2 v 0 (β 0 and v 0 arbitrary), we get the wave velocities λ ± = v 0 ± β 0 ψ 1 (β 0 ), and
whereas the transport equation governing the evolution of π is ∂π ∂σ + κ 1 π ∂π ∂ξ + κ 2 ∂ 3 π ∂ξ 3 + n 2σ π = 0;
when n = 0 (plane symmetry), we have the celebrated Korteweg-deVries equation whose solutions are well known (see, for instance, [24, 25] ); by contrast, in the axisymmetric spherical case we have the spherical Korteweg-deVries equation [26] .
